COINCIDENCE PROPERTIES OF BIRTH AND DEATH PROCESSES SAMUEL KARLIN AND JAMES MCGREGOR
A birth and death process (for brevity referred to henceforth as process B) is a stationary Markov process whose state space is the nonnegative integers and whose transition probability matrix (1) Pij(t) = Pr{x(t) = j \x(0) = ί} satisfies the conditions (as t -> 0) ( 2 ) P ί3 {t) =
\t + o(t) if j = ί + l μ%t + o(t) if j = i -1 (λ t + [h)t + o(t) if j = i
where X t > 0 for i > 0, μ t > 0 for i > 1 and μ 0 > 0. We further assume that P u (ί) satisfies the foward and backward equation in the usual form. In this paper we restrict attention to the case μ 0 -0 so that when the particle enters the state zero it remains there a random length of time according to an exponential distribution with parameter λ 0 and then moves into state one etc. In order to avoid inessential difficulties we assume henceforth that the infinitesimal birth and death rates X t and μ i uniquely determine the process. This is equivalent to the condition Σ~-o (π n + l/λ n 7Γ n ) = °°w here π 0 = 1 and π n = ° 1 2 ***-n -ι - [ 2] .
In the companion paper we show that for all t > 0 / iu i 2 , , i n \ k < i* < % < * < (3) det (P <μf Jv (t)) = Pit has the following interpretation : Start n labled particles at time zero in states i l9 i 2 , •• ,i n respectively, each governed by the transition law (1) and acting independently. The determinant (3) is equal to the probability that at time t particle 1 is located in state j ly particle 2 is located in state j 2 etc., without any two of these particles having occupied simultaneously a common state at some earlier time τ < ί. We refer to this event as a transition in time t of n particles from initial states occur. This problem is completely solved in § 4. By means of trivial arguments it is shown that coincidence is certain if the original birth and death process is recurrent, while coincidence is not certain if the original process is strongly transient. If the original process is weakly transient coincidence may or may not be certain, and this case presents a much more difficult problem. A criterion is given which expresses the necessary and sufficient condition that coincidence be certain, in terms of the constants of the original birth and death process. Finally in § 3 some interesting examples are considered. A technique for computing the distribution of the time until coincidence is developed, and applied to the telephone trunking model and some linear growth models. 
M(ξ, η) -Γ K(ξ, ξ)L(ξ, V )dσ(ζ)
Jα where ξ traverses X, ζ ranges through Y and η varies over Z all of which are linearly ordered sets and where σ(ξ) denotes a measure defined in Y. Xcan denote an interval of the real line or a set of discrete points on the line. In the latter case, the set will usually consist of the integers. The same applies to Y and Z. When Y consists of a discrete space then, of course, the integral sign of (8) is interpreted as a sum. We define the Fredholm determinant M(x n , zj, M{x n , z 2 ), , M(x n , z n ) with x x < x 2 < < x n and z λ < z 2 < < z n and analogously for K and L.
If the formula (8) is viewed as a continuous version of a matrix product, then the extension of the multiplication rule which evaluates subdeterminants of M in terms those of K and L becomes For the proof of (10) we refer to Pόlya and Szego I [8 p. 48] ?ι n n ΐ w and x λ < x 2 < < ίc w we obtain by virtue
".ί-J
dψ(x n ) .
(See Paragraph A of Section 1.)
The above formula displays in the simplest possible way the dependence of Pit -
1
' \\\' % >) on the time t, the initial state (ί lt •••, ί n ) and final state (j lf * ,i w ). For the birth and death process itself formula (5) has proven to be a very powerful tool in analyzing the statistical properties of the process. It may be expected that formula (7) will be of comparable utility in the study of the compound process. However certain technical details stand in the way of such a study. While the general properties of the orthogonal polynomials {Q n (%)} have been intensively investigated by numerous mathematicians, the somewhat more complicated polynomials \Q( τi ' °"' ln )\ appear to be new objects of
study. At the present time we possess numerous interesting theorems about these polynomials but our results are still incomplete. In a separate publication we will elaborate on the structure of this determinantal polynomial system. In the present paper we develop only those properties directly relevant to our analysis. We investigate two types of problems associated with the compound process. The first problem is concerned with the behavior of the ratio
Pt;
. rC lf as t -•> oo. This requires some knowledge of positivity properties of the polynomials QI lf ' n ). In § 1 these required positivity properties \Xι, , X n )
are developed, and in § 2 it is shown that the above ratio converges to a finite positive limit as t-^ca. The second problem is that of determining for which processes coincidence in a finite state is certain to 1112 S. KARLίN AND J. MCGREGOR iu %, , i n to the states j 19 j 2 , , j n respectively, without coincidence. In particular, for t > 0 the expression (3) is always positive. For continuous time discrete state space processes, the converse proposition is also true. Specifically, if (3) is always positive, then Pij(t) is the transition matrix of a birth and death process [6] .
In this paper, we investigate certain aspects of the structure of the Markov process describing the transitions of n particles conditioned that no coincidence takes place.
We refer to this process as the compound birth and death process of order n. Frequently, when no ambiguities arise the terms "birth and death" and "order n" will be suppressed. The basis of the subsequent analysis is principally an integral representation for which is derived from a corresponding representation formula for Pi^t).
Let Q n (x) denote a sequence of polynomials of degree n defined by the recursive relations
These equations may be written in compact form as
and A is the infinitesimal matrix of the process
Let ψ(x) denote the unique measure on [0, oo) with respect to which Q n (x) are orthogonal. (The measure ψ is unique because of the assumption Σ in* + l/λ fc π fc ) = oo.) Then
Jo
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The relevance and utility of this identity will be abundantly clear. We record several relations which are applications of it. (A) The derivation of (7) from (5) is a special case of (10). (B) The identity (Π)
Σ:
can be expressed in the form (8) with ξ = n, ζ = j, and ΎJ = x
(Qj(x) = 0 for j a negative integer and dσ(ζ) = π ό when ξ = j.) Since^\ i ^2> * * * y ^n unless 0 < l x < i lf i x < l 2 < i 2f , ί n^1 < l n < i n , in which case its value is one, we obtain by applying (10) to (11) (12)
We shall need to evaluate determinants of the form
, n Q which for convenience of writing we give the name a(n o ,n 19 • *, /^f c ) We assume tentatively in what follows that Q n are normalized such that Q n (0) -1. This can be accomplished with no loss of generality since Q n (0) are different from zero. The value of the determinant a(n 0 , n lf * ,n k ) in the general situation would be altered by the multiplicative factor l/Q no (0)G Λl (0) Q Λfc (0). A more convenient expression for (13) is obtained as follows : By subtracting the first row from each of the succeeding rows and using the fact that Q n (0) -1 for all n we have a(n o ,n u n 2 ,^(
We next observe that relation (11) provided with successive differentiation yields
In order to apply (10) to (14), we may identify
and dσ(ξ) = l/λ v ττ v where ^, f, 57 each traverse the set of non-negative integers. By virtue of (10) utilizing the representation (14) we obtain Another application of (10) shows that
Putting (15) and (16) together establishes the recursive relation
Note that the range of summations guarantee that μ 0 < μ 1 < μ 2 < < Furthermore, (17) exhibits determinants a(n o ,n l9 •• ,n k ) of order k + 1 in terms of corresponding determinants of order k. Consequently, the procedure may be iterated out of which follows whenever Q n (0) > 0 that
for all choices of n t provided n 0 < n λ < n 2 < < n k . It is also routine to calculate the explicit value of a(n 0 , n ly n 2 < < n k ) by iteration of (17). 
μ^k + i
The derivation of the identity (17) was predicated upon the fact that Q n (0) = 1 for all n. If all the Q n (0) are of negative sign then the sign of (13) is altered by the factor (-1) &+1 where k + 1 is the order of the matrix. Indeed, all we need do is replace Q n (x) by Q w (ίc)/Q w (0) = P n (x) and apply the argument to P n (x). (-i)< provided x ι < x 2 < x 3 < < x k < a where a denote the smallest value in the spectrum of ψ, and where Q n (0) > 0 by our normalization condition. The result expressed in (19) may be regarded as a generalization to the compounded polynomial system of the property that Q n (x) for x < a is of one sign.
Suppose for definiteness that the polynomials Q n (x) are orthogonal functions with respect to a measure ψ on [0, oo). The proof is by induction on k. Since Q n (x) are normalized to be positive at 0, it follows that Q n (x) > 0 for all x < a which is the assertion of (19) when k = 1. We shall assume that the validity of (19) for A th order determinants has been demonstrated for any system of orthogonal polynomials whose weight function concentrates on the interval [0, oo), and proceed to show the result is valid for the k + 1st order determinants. Let x lf x 2i , x k+1 denote a set of values arranged in increasing order with x k+1 < α. Replacing Q n (x) by Q n (x + Xk+ύlQΛ^ic+i) we may, without loss of generality assume x k+1 -0 and that Q n {%k+i) = 1 for all n. This alters the original determinants by a positive multiplicative factor, provided we evaluate the changed matrix polynomial system at the points
Subtracting the fcth row from the k + 1 row, the fc-lth row from the fcth row, etc., and finally the first from the second row we have
Observe that (21) where
comprise an orthogonal system of polynomials with respect to the measure xdψlλ 0 which concentrates its measure on (0, oo) since ψ does [2, p 504] . Therefore, whenever x λ < x 2 < x z < < x fc < 0 and m λ < m 2 < < m fc since •ffί(O) = Σ'=o ^Qj(O) > 0. Inserting (21) 
Q4
Qnί
QW' QV-'KΎ)
Qnij) Q'niΊ) •
>0
true for every γ < a. This is verified by subtracting the last column of (19) from the next to last and using the mean value theorem. Repeating this k times and afterwards letting all the x t converge to γ produces (22). Subject to the correct normalization the argument employed in paragraph (C) above shows that these determinants are actually strictly positive.
A further sharpening of the relation (19) and (22) is possible. In order to describe this extension we must assign a special meaning to the
where n x < n 2 < < n^ and x λ < x 2 < < x fc and distinguished in that several of the x's can be equal. (The asterisk sign on the Q shall always occur when one or more of the x's are equal and indicates that a special interpretation is to be made.) Let us illustrate by means of an example.
In general, when there is a block of equal x values present, the successive columns, corresponding to these x values in forming Q* are determined by the successive derivatives,
where r is the number of equal x values.
One can show by a more tedious elaboration of the methods in (C) and (D) that generally
< x k < a with the emphasis on strict inequality in (23).
We do not indicate the details since an analogous argument will be used in the proof of Theorem 1. (E) With the aid of the results of (C) and (D) we shall deduce determinantal inequalities valid for special choices of positive #'s. Let Q n (x) be a system of orthogonal polynomials normalized as usual so that Q n (0)>0 and ψ its measure on [0, oo). Let us suppose the measure ψ begins with isolated jumps located at a λ < α 2 < < a r followed by a non-isolated point in the spectrum starting at a r+1 where r may be 0,1, 2, ••• . In particular, when r -0 then the first point in the spectrum of ψ is not an isolated jump. On the other extreme if r = oo then the first portion of the spectrum ψ consists of an infinite number of isolated jumps which could include the full spectrum. It is not necessary, in what follows, to describe more precisely the spectrum beyond a r+1 .
< n kj and Q n be normalized as usual such that Q n (0) > 0 then for k < r,
and for k > r,
where Q* is defined as above.
Proof. The proof is by induction on the order of the determinant k. The case where r = 0 has already been completely examined in paragraph (C). Hence, we assume r > 1. We suppose furthermore that the theorem has been established with regard to any orthogonal polynomial system whose spectral measure concentrates on the non-negative axis with the number of initial isolated jumps totalling less than r. Let r be fixed and > 1 and suppose we have established the theorem for determinants of size < k. Denote by P n (x) -Q n (x + a^jQ n (a^). These polynomials constitute an orthogonal system with respect to the measure ψ(x + a x ) whose first mass points occur at 0,
where C(n 19 n 2 , , n k ) > 0 and
Subtracting the Λ-lth row from the fcth row, the k-2th row from the fc-lth row etc., we obtain
The right-hand side is a determinant of size k -1. Dividing the respective columns by -1/6 V , v = 2, 3, , (remember δ 2 > 0 since r > 1), we have (26) (-I)*-
Let and set
( r 0) = Zf r and λ* and μΐ are the parameters corresponding to the polynomial system P n (x). Finally, for 0 < μ x < μ 2 < • < // fc »! define
Expanding the right-hand side of (26), using (21) and an analogous formula for the successive derivatives of Q n (x), we obtain
where the γ's are positive and n % < μ t < n t+1 , (i -1, , k -1). But
Z -l
Hence by suitable operations on the columns of L we obtain
where the H* determinant is formed from the polynomial system H n in the same way that Q* is constructed in terms of Q n .
The H system represent orthogonal polynomials with respect to a measure da(x) -C xdψ(x + a λ ). The jump at the origin of dψ(x + αî s obliterated due to the factor x. Otherwise, a possesses r -1 initial jumps located at α 2 -a lf , a r -a x and the non-isolated portion of the spectrum begins at the point a r+1 -a x . By the induction hypothesis
This fact in conjunction with (27) shows that
as desired. The proof of the theorem is complete. What is essential for the validity of (25) is that the first r choices of y t > 0 used in evaluating (25) should coincide with the first spectral points a % of ψ (here r has the same meaning as in the theorem).
Otherwise the values of y 5 (j>r + 1) can be arbitrarily chosen from the interval a r < y < a r+1 with the restriction that they are arranged in ascending order even allowing equalities. Actually, more is true. A careful examination of the above arguments shows that (28) (-l)*c*-Ό/W^i> n* , n t , n β+1 , ,n X a l f a 2 t • *,a g ,y 8 + 1 , --y where w 4 strictly increase and y ό for j > s + 1 satisfy a s < y s+1 < y s+2 < ••• <y k <a s+1 .
To complete the story we note without proof that it is possible to construct examples which show that Q( ™' n J~ ) does not possess a \x, y j fixed sign for all n when x and y satisfy x < α x and a γ < y < α 2 .
COINCIDENCE PROPERTIES OF BIRTH AND DEATH PROCESSES 1121 2. The compound process. The infinite matrix P(t) satisfies the differential equations
called respectively the backward and the forward equations of the birth and death process. Either equation may be derived from the other when it is known that both P(t) and A satisfy the symmetry relations
As a consequence of these equations we deduce the backward and forward equations of the compound process :
Here we employ the natural convention that Pit;
• < i n and ^\ < < j n is zero if any two i v or any two j v are equal or if i λ --1 or ii = -1. The first of the above equations (backward equation) follows at once from The backward and forward equations of the compound process may also be derived from the representation (7) t -> oo. In fact if the original birth and death process is either transient or recurrent null then P tj (t) -> 0 for each i and j so the determinant -• 0. On the other hand if the original birth and death process is recurrent (either ergodic or recurrent null) and F i0 (t) is the probability that first passage from state i to state 0 occurs in time < t then F itQ (t) -> 1 and from probabilistic considerations
Thus we have two reasons why the determinants may -> 0 and at least one of them is always in force.
According to the Doeblin-Chung ratio theorem [1] lim 3u exists and is finite and positive. For the compound process of the birth and death process we are able to make the following considerably sharper 
We wish to show that » , JΛ = Λχiψ ... f φ/0, ... f n -1\T β converges to a finite positive limit as t -> oo. Suppose there are x values 0 < a λ < < a r+1 such that the function ψ(x) has positive jumps at a u •••, a r but no other spectrum in 0 < x < a r+1 while ψ has infinitely many points of increase in every interval α r+1 < x < a r+1 + ε. We consider separately the cases r >n, 1 < r < n and r = 0. The case 1 < r < w, which exhibits all the necessary arguments, will be discussed in detail and the other two cases are left as an exercise for the interested reader. When 1 < r < n integrals of the form To make this precise we first observe that Theorem 1 shows that f (a u , α r , a r+1 , , α r+1 ) = c is positive and that the measure 3* Some examples of the probability distribution of the time until coincidence. A random variable of natural interest to the study of the compound process of order n is the time ί* until coincidence. To expedite the discussion we restrict attention to the case of the compound process involving two particles. The obvious extensions are left to the reader. In general, coincidence need not occur with certainty. We define ί* to be the time of first coincidence if this is finite and to be +CΌ otherwise. In the next section the condition that coincidence be a certain event is expressed in terms of the parameters of the birth and death process. In this section the explicit distribution of £* is determined for some important examples.
We begin with a few remarks concerning the general character of this problem. We may consider a two-dimensional birth and death process whose states are all pairs (i, j) with i > 0, j > 0 and transition probability law
In this formulation the problem is to determine the distribution of the time of first hitting the diagonal ray i = j.
Alternatively, we may consider the compound process with state space (i, j), 0 < i < j and transition probability law p(t; ]' •?). In this formulation, coincidence occurs if the particle is in some state (k, k + 1) and is then absorbed-the process terminates at (k, k + 1). The problem is then to determine the distribution of the time until the process terminates in this manner.
Let S i3 (t), (0 < i < j) denote the probability distribution of the time until coincidence when the initial states of the particles are respectively i and j i.e. S»{t) = Pr{£* < 11 x(0) = i, y(0) = j, i < j} Because the path functions are continuous (a particle moving from state i to state j in time t must occupy all the intermediate states in the intervening time), coincidence can only occur following a transition from a state (k, k + 1) for some k. More exactly, the probability that coincidence happens during the time interval [t, t + K] with h sufficiently small requires that the two particles occupy adjacent states before coincidence at time t and at the next transition the particles meet. The probability of this event is clearly 
'[_! -^i -z)e * j -cx t (Z)ip t (Z)]
where a = X/μ and a t (z) and β t {z) are defined in the obvious fashion. The coincidence time density function R 01 (t) is the expression (36) apart from the constant factor lj(a + 1). When a is a non-negative integer the coincidence time density function reduces to a rational function. In the particular case a -0 f we obtain
which shows that coincidence is certain with the expected time until coincidence infinite. This is true of all the linear growth processes introduced in this example.
If we examine a linear growth process where there exists a permanent absorbing state at -1 then obviously coincidence is never certain. It is of some interest to compute the probability of coincidence before absorption. Let us illustrate by considering the model where X n = (n + l)/c and μ n -(n + l)/c for n > 0. A calculation similar to that above gives R*\t) = 4 The probability of coincidence* In this section we shall determine the exact conditions which imply that coincidence in a finite state is certain to occur. Our results apply to the case of n independent particles moving simultaneously subject to the transition law of the same birth and death process (B). Our methods may be extended in the obvious way to treat the case in which the particles are subject to different independent birth and death laws. Such a generalization is left to the reader.
If the process (B) is recurrent then coincidence is clearly certain. In fact, if two particles originate in states i and j > i, respectively then the second particle reaches the state 0 in finite time with probability one and coincidence must precede this event because of ' 'continuity'' of paths. Thus it remains to decide the probability of coincidence when the process (B) is transient.
In [3] we classified two kinds of transient processes. A transient birth and death process is said to be ''weakly transient" if ΣΓ-o-P«j(£) = 1 for all t and some i. In terms of the birth and death rates this is equivalent to the divergence to infinity of the sequence where Q m are the associated polynomials of the process (B).
A birth and death process is said to be strongly transient if for some t and i, ΣΓ-O-FYJOO < l A necessary and sufficient condition for the process to be strongly transient is that, for any starting position and for any positive time value t, with positive probability the diffusing particle reaches infinity in time t.
It becomes evident that for strongly transient processes coincidence is not a certain event, since with positive probability one particle may stay in a given state (say i) in any specified length of time while the other particle moves to infinity without touching state ί during this same period of time. An analogous argument will prove that the probability of coincidence for the case of n independently moving particles is not a certain event when the process is strongly transient. We shall determine in Theorem 3 the exact condition for coincidence to be certain. It will be clear that the criteria is the same for two, three or n particles.
We concentrate in what follows on the case of two particles. It is tempting to proceed as follows. Let w i3 denote the probability of no coincidence in finite time when two particles start respectively in states i and j (i < j). We set w klc -0. Writing out a recursion relation in terms of the first transition, we obtain
Xi -j-Xj -f-μ% ~r y-j χ% ~τ xj -\~ μ% ~τ μj valid for all 0 < i < j. A sufficient condition guaranteeing that coincidence is certain is that the only bounded positive solution of the system (37) is the identically zero solution. In the situation of non-certain coincidence it would also be of interest to calculate the probability of no coincidence w i} . The investigation of this problem is complicated by the abundance of positive solutions that (37) possesses. The study of (37) is interesting in itself and indicative of the difficulties associated with solving two-dimensional difference equation systems even in comparatively simple cases having probabilistic significance.
To illustrate this we exhibit several solutions of (37). Suppose the spectral measure ψ of (B) is located in the interval [α, oo) where a > 0. Then Unfortunately, there is no natural ordering among the solutions Wtj(ά). We show first that w oj (a) is increasing in a (0 < a < a) for each j. To this end, observe that 
It is enough to show since Q r (a)Q r ( -a) is positive that
But the roots of Q' r (x) are separated by the roots of Q r (x) and since Q r (x) has no roots in [-c», a) The lack of order and the multiplicity of natural positive solutions seem to be the main sources of difficulty in proving the non-existence of any bounded positive solutions of (37). The solution ^(0) should be singled out because it is always present (as a > 0) and also lim^*, w oj (O) = oo is precisely the condition that the process be weakly transient.
It should be added that the one parameter family of solutions, displayed in (38), when a is a positive number, does not exhaust in terms of linear span the totality of solutions. It appears that one can always construct at least a three parameter family of determinantal extremal solutions. The problem of characterizing all solutions of (37) in general remains open and relates to the problem of determining all determinantal polynomial systems satisfying the recursion law of (30).
We now turn to a discussion of the main theorem of this section. THEOREM o -0 Before embarking on a proof of the theorem, it is necessary to interpret condition (40). To this end, denote by t h the random vari-able which represents the length of time for a particle subject to the transition law of the process (B) to move from state i to state i + 1. In other words ί 4 denotes the first passage time from state i to state i + 1. In the same way, since the path functions are continuous, z n -t 0 + t x + + t n -. λ represents the first passage time from state 0 to state n. The t i are evidently independent but not identically distributed random variables.
// the process (B) is recurrent or weakly transient then coincidence is certain if and only if
The Laplace transform φ n (s) of the distribution of z n is given by when Q n is the nth orthogonal polynomial. More generally, the Laplace transform of the distribution of t m + t m+1 + ••• + ί B _j is These formulae are proved as follows: The well-known Laplace transform formula, which expresses the first passage time distribution from state i to state j in terms of the transition probability function is
Inserting the formula of [2 p. 522] in (41) gives the desired result. From knowledge of the Laplace transform it is routine (successive differentiation of φ n (s) at zero) to determine the moments of z n . In particular, log n + c .
Also
The inner sum grows like its largest term and we have
which clearly exhibits ^w as uniformly bounded. A class of examples in which v n -* oo can be constructed as follows.
Suppose, π n and obey the asymptotic relations
where L(n) and L*(%) are slowly oscillating sequences (L(n) is said to be slowly oscillating if for every c > 1, -ψβjL -> i) 2-< oo and L(n) λ w π w w w tends to infinity. Under these conditions we show that v n tends to infinity. In fact 
where A and A' stand for fixed constants. The estimate in (44) is valid since w r grows like r* +β+1 L(r).
and the proof is finished. Some other useful conditions that assure the validity of (40) are as follows: If the spectral measure ψ of the birth and death procsse (B) has either (a) positive measure in every neighborhood of the origin, or if (b) ψ has an infinite number of points of increase, contained in a bounded interval 7, then v n tends to infinity.
The proof of these statements depend on an alternative representation of the quantity Var z n . To this effect, we observe that the Laplace transform of z n can be factored in the form In case (a), the first root a nl tends to zero and hence Var z n becomes unbounded. In case (b) as n increases the interval /must contain an unbounded number of roots a nl , and therefore Varz n is unbounded. Several notable applications may be recorded. Queueing models, defined by the parameters X n = λ, n > 0, μ n -μ, n > k 0 , μ 0 = 0, and k Q a prescribed positive integer, have the property that coincidence is a certain event. In fact, for these examples case (b) applies (see [4] ).
The situation of linear growth, birth and death processes, (i.e. χ n = Xn + α, n > 0, μ n -μn + b, n > 0, μ Q = 0) with regard to the probability of coincidence is as follows. If μ -λ, then coincidence is always certain (case (b) above). If μ > λ then the process is recurrent and coincidence is trivially certain. If μ < λ then the process is weakly transient and coincidence is not certain. This last assertion is proved as follows. The spectral measure is discrete with mass points located essentially at an arithmetic series. The roots of Q n { -s) for any n are separated by the mass points of ψ and hence always 2( -) < &Σ-Γ < C.
\oί ni j n
We turn now to the proof of the theorem. The arguments are divided into a series of lemmas. DEFINITION (Levy [7] ). A series of independent random variables #i + + % n = s n is essentially divergent if there exists no sequence of constants a n such that s n -a n converges almost surely to a finite random variable. LEMMA 
If v n is divergent then the series of independent random variables t 0 + t λ + + t k -x -z k is essentially divergent. (The meaning of t r is as before.)
Proof. Suppose we can find a sequence of constants a n such that z n -a n converges. In particular, its characteristic function -^-^-converges for each real λ to a characteristic function <£>(λ). It follows that the corresponding symmetrized random variable with characteristic function for each real λ and uniformly in any finite interval. But, by virtue of (45) is not a characteristic function as required. The contradiction implies that z n -a n cannot converge for any sequence of constants and consequently z n is essentially divergent as was to be shown. Proof. With r held fixed it will be sufficient to prove that
for every positive constant C. Indeed, the validity of (47) implies that for almost every value of ί 0 + t λ + + i r-1
Invoking the law of total probabilities leads immediately to the conclusion (46). We devote ourselves now to the proof of relation (47). Since the series (t' r -t r )
on r is suppressed since we are keeping r fixed) is essentially divergent we may appeal to a theorem of P. Levy [7 p. 147] for any constant C and the proof of the lemma is finished.
Proof of the Sufficiency of Theorem 3. Suppose for definiteness that particle labeled (i) starts in state 0 and particle labeled (ii) starts in state r, each independently subject to the same transition law. Let t t and t' i9 for particles (i) and (ii) respectively, represent as previously the first passage time from state i to state i + 1. Lemma 2 assures that with probability 1 there is a state k such that the particle labeled (i), having started at zero, reaches k for the first time earlier than the particle labeled (ii) whose initial state was r. Since the path functions are continuous, the two particles necessarily cross and coincidence is certain.
Necessity. The proof of necessity will likewise be written in the form of a series of lemmas. Proof. Consider T* = (ίj -ΐ r ) + ••• + {t' k -t k ), k = r, r + 1, ••-, which is a partial sum composed of independent symmetrically distributed random variables. The hypothesis (see (43)) means that the variance of T k is uniformly bounded. Therefore, invoking the three series theorem (because t -t t are symmetric only the convergence of the series formed by the variances of the successive terms has to be verified), we may conclude that T k converges almost surely to a finite valued random Let £* denote the limit of T k . Take any value C such that Pr {\t*\ < C} > 0 .
Since T k converges almost surely to ί* there is a k Q such that
Making C even larger (say C) if necessary we can assure (50) Pr {|Γ fc | < C" for all fc = r, r + 1, •••, } >0 .
Consider now the random variable ί 0 + ίi + + f r -i which is independent of all T k , k > r. Since t 0 is exponentially distributed it follows that (51) Pr {t 0 + t λ + ... + t r -λ > C'} > 0 for any C sufficiently large. Combining (50) and (51) yields the estimate
for an appropiate positive constant C. This means that with positive probability a particle starting at zero never reaches a state k > r + 1 for the first time at an earlier time then a particle beginning in state r. The proof of the lemma is finished. Proof. This is a direct consequence of the fact that with positive probability any pair of state i, j (i < j) can be attained starting from the initial states r and s without the occurrence of coincidence.
Consequently, if there exists positive probability of no coincidence starting from i and j, respectively then the same is true for r and s contrary to the hypothesis.
LEMMA 5. Let coincidence be a certain event. Suppose the initial states of the two particles (i) and (ii), respectively are i 0 and j 0 > i 0 . Then the event that particle (ii) reaches every state k (k > k 0 ) for the first time ahead of particle (i) has probability zero.
Proof. We shall prove the lemma by producing an infinite sequence of states k λ < k 2 < with the following properties (called A). If the initial states of the particles (i) and (ii) are any pair r and s where r < s and s < k t then the probability exceeds 1/4 that particle (i) will reach state k i+1 ahead of particle (ii).
Let us suppose statement (A) is established and now show how to finish the proof of the lemma. To this end, we have Pr {(ii) reaches state k prior to (i) for all k > k 0 } < Pr {(ii) reaches state k t prior to (i) for all k t > k 0 } < Π (1 -Pr {(i) reaches state k t+1 prior to (ii)l(ii) reaches state k t prior to (i))} .
The infinite product is zero since on account of statement (A) infinitely many factors are < 3/4.
It remains to prove statement (A). Suppose we have already constructed k u k 2i , k t . Since coincidence is a certain event regardless of the pair of initial states r and s, (r < s 1138 S. KARLIN AND J . MCGREGOR and s < ki) there exists a time value t 0 so that with probability > 1 -ε coincidence occurs sometime earlier then t 0 . The value of t 0 may be determined for each pair of initial states r and s. However, since there are only a finite number of possibilities r, s (r < s) where s < k t we can choose t 0 large enough so that the same value of t 0 applies for any of these pairs of starting states. By further reducing to a subset of paths of probability > 1 -2ε (ε can be specified in advance as small as desired) we can determine a state k i+1 > k t which is not entered by either particle in the time duration (0, ί 0 ). The existence of k t+1 is guaranteed since the hypothesis of the lemma postulates that coincidence is certain and hence the process cannot be strongly transient. Restricting consideration to this set of paths we note that at the first instance of coincidence the two particles are indistinguishable and hence, with probability 1/2, particle (i) will enter state k i+1 ahead of particle (ii). Let Ei denote the event that (i) reaches state k i+1 ahead of (ii) when the initial states respectively are any pair r and s, s < k t .
The above argument establishes that Pr {E,} > (1 -2ε)/2 > 1/4 and the proof is hereby complete.
Proof of Necessity. This is immediate by comparing Lemmas 3 and 5.
The problem of computing the probability of coincidence for the case when v n is bounded remains open.
We close with some observations regarding the problem of determining criteria which guarantee finite expected time for coincidence. First it is evident that for an ergodic birth and death process the expected time until coincidence is finite. To decide when the event of coincidence has a finite expected time is in general an open question.
The following two examples are of some interest. In the case of the linear growth processes associated with the Laguerre polynomials, we were able to determine a double generating function for the explicit distribution of the coincidence time (33). Here, it is easy to show by direct calculation that the expected coincidence time is infinite.
We shall now prove that for the recurrent null or transient queueing model (labeled B) the expected coincidence time is infinite. For definiteness X n -λ, n > 0 and μ n -μ, n > 1, μ 0 = 0.
We consider for the situation of two particles starting in states i and j, 0 < ί < j, the following induced random walk W whose state space is composed of the non-negative integers. We say that W is in state r if j -i -r. Transitions in W are engendered whenever one of the particles of process B changes its state. Explicitly a transition of W occurs from state r to r -1 if and only if after the first change the state labels of the two particles, undergoing the process B, are either (i + l,j) or (i, j -1). A movement from r to r + 1 occurs in the contrary case. The motion on W, thus induced by the birth and death process will be understood to apply only when i > 0. The homogeneity of the queueing model implies that the changes engendered in W are independent of the specific states occupied by the two particles of the process B and only depend on their distance (j -i) apart provided i > 0. Hence Pr w {r -> r -1} = Pr w {r -r + 1} = 1/2 for r > 0 .
It is well known that for this random walk the time until first passage into the state 0 from any non-zero initial state has an infinite expected value [3] . Moreover, first passage into 0 obviously corresponds to the event of coincidence for the original birth and death process. There is one slight complication in the above argument arising from the fact that when one of the particles of process B starting at i reaches zero, the transition probabilities of the induced random walk do not agree with the probabilities of the changes in distance between the particles. This is due to the reflecting character of state zero, i.e. when one of the particle of its process is in state 0 then this particle can only move to state 1. We will show that this complication is of no consequence in deciding whether coincidence in B occurs with finite expected time.
Let the particles begin in states i and j,(ί< j). Since coincidence is certain let us consider all those paths E where coincidence occurs without either particle ever reaching zero. Conditioned in this way the induced random walk describes the changes of the " distance" (number of states separating the two particles) until coincidence. But, for the random walk W the expected number of transitions for the first passage into zero is infinite. Since the expected time between transitions for the birth and death process is l/(λ + μ), the expected time until coincidence averaged over the paths of E is infinite. Next, let F denote the set of paths in the process B where the particle, starting in state i<j, reaches state zero before coincidence. Since the process B is null recurrent or transient, again the expected time length of the paths of F is infinite. Hence, under either circumstance the expected time until coincidence is infinite.
The above argument may be extended to prove that if a birth and death process is null recurrent of transient with certain coincidence, then the expected time of coincidence is infinite provided Xίlil/P^ + /O -°°> and On the other hand, the expected coincidence time is finite whenever Jt±±J*ϊ+*. λ 4 + μ t + X i+n + μ i+n
